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Abstract
We consider restrictions imposed on the electromagnetic and weak
current operators by Poincare invariance and show that some assump-
tions used in deriving the sum rules in deep inelastic scattering (DIS)
have no physical ground. In particular there is no ground to neglect
the contribution of nonperturbative effects to these operators, even in
the Bjorken limit. Therefore the conclusion that the sum rules in DIS
unambiguously follow from QCD is not substantiated.
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1. It is well-known that different sum rules in deep inelastic
scattering (DIS) are derived with different extent of rigor. For
example, the Gottfried and Ellis-Jaffe sum rules [1] are essen-
tially based on model assumptions and in the present paper we
will not consider such sum rules. The sum rules [2] were orig-
inally derived in the framework of the current algebra for the
time components of the current operators while the sum rules
[3] also involve the space components. Now the sum rules [2, 3]
are usually considered in the framework of the operator product
expansion (OPE) [4]. One usually thinks that the only impor-
tant assumption used in deriving these sum rules is that in the
integral over ω = 1/xB (where xB is the Bjorken variable) for the
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amplitude of the virtual Compton scattering the contribution of
the contour at infinity can be neglected. Since this assumption
is believed to be correct, the sum rules [2, 3] have the status of
fundamental relations which in fact unambiguously follow from
QCD. In the present paper we consider some other assumptions
in deriving the sum rules and show that they have no physical
ground.
2. If J(x) is the electromagnetic or weak current operator
and q is the momentum transfer then the DIS cross-section is
fully defined by the hadronic tensor
W µν =
1
4pi
∫
eıqx〈P ′|Jµ(x)Jν(0)|P ′〉d4x (µ, ν = 0, 1, 2, 3) (1)
where |P ′〉 is the state of the initial nucleon with the four-
momentum P ′. In the framework of the OPE
∫
eıqxJµ(x)Jν(0)d4x =
∑
i
Ci(q
2)qµ1 · · · qµnO
µ1···µn
i (2)
where Ci(q
2) are the c-number Wilson coefficients and Oµ1···µni
are some operators. Then, even if nothing is known about them,
it is possible to determine the Q2 evolution of the structure func-
tions where Q = |q2|1/2. However for deriving the sum rules one
assumes additionally that the Oµ1...µni depend only on field oper-
ators and their covariant derivatives at the origin of Minkowski
space and have the same form as in perturbation theory. The
basis for twist two operators contains in particular
OµV = N{ψ¯(0)γ
µψ(0)}, OµA = N{ψ¯(0)γ
5γµψ(0)}, (3)
where N stands for the normal product and for simplicity we
do not write flavor operators and color and flavor indices.
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It is important to note that the OPE has been proved only
in perturbation theory [5], its validity beyond that theory is
problematic (see the discussion in ref. [6] and references therein)
and perturbation theory does not apply to DIS. At the same
time it is surprising that almost all authors investigating DIS
do not pay attention to the restrictions imposed on the current
and O-operators by Poincare invariance. We next consider these
restrictions.
3. Translational invariance of the current operator implies
that
J(x) = exp(ıPx)J(0)exp(−ıPx) (4)
where P is the four-momentum operator. In turn, Lorentz in-
variance implies that
[Mµν , Jρ(0)] = −ı(gµρJν(0)− gνρJµ(0)) (5)
where Mµν are the Lorentz group generators and gµν is the
Minkowski tensor.
The state |P ′〉 is the eigenstate of the operator P with the
eigenvalue P ′ and the eigenstate of the spin operators S2 and Sz
which are constructed fromMµν . In particular, P 2|P ′〉 = m2|P ′〉
where m is the nucleon mass. Therefore the four-momentum
operator necessarily depends on the soft part of the interaction
which is responsible for binding of quarks and gluons in the
nucleon. The Lorentz transformations of the nucleon state are
described by the operatorsMµν and therefore in the general case
they also depend on the soft part.
As noted by Dirac [7], the operators (P µ,Mµν) can be real-
ized in different representations, or, in Dirac’s terminology, in
different forms of dynamics. Suppose that the Hamiltonian P 0
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is interaction dependent and consider the well-known relation
[M0i, P k] = −ıδikP 0 (i, k = 1, 2, 3). It is obvious that if all the
operators P k are free then all the operatorsM0i inevitably con-
tain interaction terms and vice versa, if all the operators M0i
are free then all the operators P k inevitably contain such terms.
According to the Dirac classification [7], in the instant form the
Hamiltonian P 0 and the operators M0i are interaction depen-
dent and the other six generators of the Poincare group are free,
while in the point form all the components P µ are interaction
dependent and all the operatorsMµν are free. In the front form
the operators P− and M−j (j = 1, 2, p± = p0 ± pz) are inter-
action dependent and the other seven generators are free. The
fact that if P− is the only dynamical component of P then all
the M−j inevitably contain interaction terms follows from the
relation [M−j, P l] = −ıδjlP−. Of course, the physical results
should not depend on the choice of the form of dynamics and in
the general case all ten generators can be interaction dependent.
The usual form of the electromagnetic current operator
is Jµ(x) = N{ψ¯(x)γµψ(x)} and in particular Jµ(0) =
N{ψ¯(0)γµψ(0)}. However such a definition ignores the fact that
the product of two field operators at coinciding points is not a
well-defined operator (strictly speaking, the operator ψ(0) also
is not defined since ψ(x) is the operator-valued distribution).
The reader thinking that it is not reasonable to worry about
the mathematical rigor will be confronted with the following
contradiction.
The canonical quantization on the hyperplane x0 = 0 or on
the light cone x+ = 0 (which leads to the instant and front forms
respectively [7]) implies that the operator ψ(0) is free since the
Heisenberg and Schrodinger pictures coincide at x = 0. Then
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J(0) is free too and, as follows from Eq. (5), the interaction
terms inMµν should commute with Jρ(0). If the operatorsMµν
are constructed by means of canonical quantization then in QED
the interaction terms and their commutators with Jρ(0) can be
readily calculated. The commutators are expressed in terms
of the Schwinger terms [8] which cannot be equal to zero (the
corresponding calculation is given in ref. [9]). Therefore the
conclusion that all the components of J(0) are free is incorrect.
Moreover, it can be shown [10] that if the field operators are
quantized, for example, on the hyperplane x0 = 0 then the oper-
ator J(0) in QED is necessarily interaction dependent. Indeed,
the generator of the gauge transformations is divE(x)− J0(x),
and if J(0) is gauge invariant then [divE(x)− J0(x),J(0)] = 0.
The commutator [J0(x),J(0)] cannot be equal to zero [8] and
therefore J0(x) does not commute with divE(x) while the free
operator J0(x) commutes with divE(x).
The above examples illustrate the well-known fact that for-
mal manipulations with local operators in quantum field theory
can lead to incorrect results. For this reason we prefer to rely
only upon algebraic considerations according to which all the
components of J(0) cannot be free simply because there is no
reason for the interaction terms in Mµν to commute with the
free operators Jρ(0) (see Eq. (5)). Therefore in the instant and
front forms some of the operators Jρ(0) depend on the soft part.
On the other hand, if the operator Jµ(0) = N{ψ¯(0)γµψ(0)} is
free in the point form, this does not contradict Lorentz invari-
ance but the operator Jµ(x) in that form necessarily contains
the soft part as follows from Eq. (4).
The problem of the correct definition of the product of two
local operators at coinciding points is known as the problem of
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constructing the composite operators (see e.g. ref. [11]). So
far this problem has been solved only in the framework of per-
turbation theory for special models. When perturbation theory
does not apply the usual prescriptions are to separate the argu-
ments of the operators in question and to define the composite
operator as a limit of nonlocal operators when the separation
goes to zero (see e.g. ref. [12] and references therein). Since
we do not know how to deal with quantum field theory beyond
perturbation theory, we do not know what is the correct pre-
scription. Moreover, it is not clear at all whether it is possible
to define local interaction dependent operators in QCD. Indeed,
the dependence of an operator on the soft part implies that the
operator depends on the integrals from the quark and gluon field
operators over the region of large distances where the QCD run-
ning coupling constant αs is large. It is obvious that such an
operator cannot be local. In particular it is not clear whether in
QCD it is possible to construct local electromagnetic and weak
current operators beyond perturbation theory.
4. Our experience in conventional nuclear and atomic physics
tells that in processes with high momentum transfer the effect of
binding is not important and the current operator can be taken
in the impulse approximation (IA). However this experience is
based on the nonrelativistic quantum mechanics where only the
Hamiltonian is interaction dependent and the other nine gen-
erators of the Galilei group are free. In the usual approaches
to DIS it is often claimed that, at least to lowest order in 1/Q,
the IA is valid in the infinite momentum frame (IMF), i.e. in
the reference frame where P
′z is positive and very large. The
IA in the IMF is equivalent to the parton model, and the usual
statement is that the parton model should be modified by taking
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into account perturbative QCD corrections. Anyway, one usu-
ally thinks that at least to lowest order in 1/Q the soft part of
J(x) is not important as a consequence of asymptotic freedom
(i.e. the fact that αs(Q
2) → 0 when Q2 → ∞) and this state-
ment is based on the approach in which the hadronic tensor (1)
is computed by using the OPE in the form of Eq. (2).
As noted above, the operator J(x) necessarily depends on the
soft part while Eq. (2) has been proved only in the framework of
perturbation theory. Therefore if we use Eq. (2) in DIS we have
to assume that either nonperturbative effects are not important
to some orders in 1/Q and then we can use Eq. (2) only to these
orders (see e.g. ref. [13]) or it is possible to use Eq. (2) beyond
perturbation theory. The question also arises whether Eq. (2)
is valid in all the forms of dynamics (as it should be if it is the
exact operator equality) or only in some forms.
In the point form all the components of P depend on the soft
part and hence, as follows from Eq. (4), the integral in Eq. (2)
essentially depends on the soft part. Therefore it is not clear why
the Ci(q
2) remain the same c-numbers as in perturbation theory
or, if the dependence on the soft part is moved to the operators
Oi then why they have the same form as in perturbation theory.
One might think that in the front form the Ci(q
2) will be
the same as in perturbation theory due to the following reasons.
The value of q− in DIS is very large and therefore only a small
vicinity of the light cone x+ = 0 contributes to the integral (2).
The only dynamical component of P is P− which enters into Eq.
(4) only in the combination P−x+. Therefore the dependence of
P− on the soft part is of no importance. These considerations
are not convincing since the integrand is a singular function and
the operator J(0) depends on the soft part in the front form, but
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nevertheless we assume that Eq. (2) in the front form is valid.
Then, as follows from Eqs. (1) and (2), the hadronic tensor is
defined by the matrix elements 〈P ′|Oµ1···µni |P
′〉.
Let us consider, for example, the matrix element 〈P ′|OµV |P
′〉.
It transforms as a four-vector if the Lorentz transformations of
OµV are described by the operators M
µν describing the transfor-
mations of |P ′〉, or in other words, by analogy with Eq. (5)
[Mµν , OρV ] = −ı(g
µρOνV − g
νρOµV ) (6)
It is also clear that Eq. (6) follows from Eqs. (2), (4) and (5).
Since theM−j in the front form depend on the soft part, we can
conclude by analogy with the above consideration that at least
some components OµV , and analogously some components O
µ1·µn
i ,
also depend on the soft part. Since Eq. (6) does not depend on
Q, this conclusion has nothing to do with asymptotic freedom
and is valid even to lowest order in 1/Q (in contrast with the
statement of different factorization theorems [14]). In the lan-
guage of Feynman diagrams the fact that one cannot neglect the
soft part of the current operator implies that it is not possible to
separate the diagrams into upper parts describing only the hard
electromagnetic or weak interaction and lower parts depending
on nonperturbative effects, since the struck quark is not free
but interacts nonperturbatively with the rest of the target (in
other words, in the general case ”cat ears” diagrams cannot be
reduced to ”handbag” ones and even the notion of struck quark
is questionable).
Since the operators Oµ1...µni depend on the soft part then by
analogy with the considerations in subsection 3 we conclude
that the operators in Eq. (3) are ill-defined and the correct
expressions for them involve integrals from the field operators
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over large distances where the QCD coupling constant is large.
Therefore the Taylor expansion at x = 0 is questionable, and,
even if it is valid, the expressions for Oµ1...µni will depend on
higher twist operators which contribute even to lowest order in
1/Q. In particular, there is no rule prescribing that the expres-
sion for OµV coincides with J
µ(0), the expression for OµA coincides
with the axial current operator JµA(0) etc.
We do not exclude a possibility that (for some reasons) there
exist sum rules which are satisfied with a good accuracy. How-
ever the statement that the sum rules in DIS unambiguously
follow from QCD is not substantiated.
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